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The purpose of the present paper is to introduce two subclasses of p-valent Bazilevic
functions by using the generalized operator and to investigate various properties for these
subclasses.
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1. Introduction
LetA(p, n) denote the class of functions of the form:
f (z) = zp +
∞−
j=n
ap+jzp+j (p, n ∈ N = {1, 2, 3, . . .}), (1.1)
which are analytic and p-valent in the open unit disc U = {z ∈ C : |z| < 1}.
Let Pk(ρ) be the class of functions g(z) analytic in U satisfying the properties g(0) = 1 and∫ 2π
0
ℜ{g(z)} − ρ1− ρ
 dθ ≤ kπ, (1.2)
where z = reiθ , k ≥ 2 and 0 ≤ α < 1. This class was introduced by Padmanabhan and Parvatham [1]. For ρ = 0, the class
Pk(0) = Pk was introduced by Pinchuk [2]. Also we note that P2 (ρ) = P (ρ), where P (ρ) is the class of functions with
positive real part greater than ρ and P2(0) = P , where P is the class of functions with positive real part. From (1.2), we
have g(z) ∈ Pk (ρ) if and only if there exist g1, g2 ∈ P (ρ) such that
g(z) =

k
4
+ 1
2

g1(z)−

k
4
− 1
2

g2(z) (z ∈ U) . (1.3)
It is known that [3] the class Pk (ρ) is a convex set.
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Also let the Hadamard product or convolution f ∗ g of two analytic functions
f (z) =
∞−
k=0
akzk, g(z) =
∞−
k=0
bkzk (1.4)
be given (as usual) by
(f ∗ g) (z) =
∞−
k=0
akbkzk = (g ∗ f ) (z). (1.5)
Making use of the Hadamard product (or convolution) given by (1.5), we now define the Dziok–Srivastava operator
H

a1, . . . , aq; b1, . . . , bs
 : A(p, n)→ A(p, n), (1.6)
whichwas introduced and studied in a series of recent papers byDziok and Srivastava [4–6]; see also [7]. Indeed, for complex
parameters a1, . . . , aq; b1, . . . , bs(bj ∉ Z−0 = {0,−1,−2, . . .} ; j = 1, . . . , s), the generalized hypergeometric function
qFs

a1, . . . , aq; b1, . . . , bs; z

is given by
qFs

a1, . . . , aq; b1, . . . , bs; z
 = ∞−
j=0
(a1)j · · ·

aq

j
(b1)j · · · (bs)j
z j
j! (q ≤ s+ 1; q, s ∈ N0 = N ∪ {0}; z ∈ U) , (1.7)
where (x)j is the Pochhammer symbol defined (in terms of the Gamma function) by
(x)j = Γ (x+ j)
Γ (x)
=

1 (j = 0) ,
x (x+ 1) · · · (x+ j− 1) (j ∈ N) . (1.8)
Corresponding to a function hp

a1, . . . , aq; b1, . . . , bs; z

, defined by
hp

a1, . . . , aq; b1, . . . , bs; z
 = zpqFs a1, . . . , aq; b1, . . . , bs; z , (1.9)
Dziok and Srivastava [4] (see also [5]) considered a linear operator defined by the following Hadamard product:
Hp

a1, . . . , aq; b1, . . . , bs; z

f (z) = hp

a1, . . . , aq; b1, . . . , bs; z
 ∗ f (z). (1.10)
Corresponding to the function hp

a1, . . . , aq; b1, . . . , bs; z

, defined by (1.9), we introduce a function h−1p

a1, . . . , aq;
b1, . . . , bs; z

given by
hp

a1, . . . , aq; b1, . . . , bs; z
 ∗ h−1p a1, . . . , aq; b1, . . . , bs; z = zp
(1− z)µ (µ > 0) . (1.11)
Analogous to Hp

a1, . . . , aq; b1, . . . , bs

, we now define the linear operator Hµp

a1, . . . , aq; b1, . . . , bs; z

on A(p, n) as
follows:
Hµp

a1, . . . , aq; b1, . . . , bs

f (z) = h−1p

a1, . . . , aq; b1, . . . , bs; z
 ∗ f (z)
ai, bj ∈ C \ Z−0 , i = 1, . . . , s, j = 1, . . . , q;µ > 0; z ∈ U; f ∈ A(p, n)

. (1.12)
For convenience, we write
Hµp,q,s (a1) = Hµp

a1, . . . , aq; b1, . . . , bs

. (1.13)
We note thatHµ1,q,s (a1) = Hµq,s (a1), where the linear operatorHµq,s (a1) is introduced by Kwon and Cho [8]. It is easily verified
from definition (1.12) that
z

Hµp,q,s (a1 + 1) f (z)
′ = a1Hµp,q,s (a1) f (z)− (a1 − p)Hµp,q,s (a1 + 1) f (z) , (1.14)
and
z

Hµp,q,s (a1) f (z)
′ = µHµ+1p,q,s (a1) f (z)− (µ− p)Hµp,q,s (a1) f (z). (1.15)
Next, by using the linear operator Hµp,q,s (a1), we introduce the two subclasses of p-valent Bazilevic function ofA(p, n) as
follows:
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Definition 1. A function f ∈ A(p, n) is said to be in the classBn,µk

a1, . . . , aq; b1, . . . , bs; γ , α, ρ
 = Bn,µk,q,s (a1; p, γ , α, ρ)
if it satisfies the following condition:
(1− γ )

Hµp,q,s (a1) f (z)
zp
α
+ γ

Hµ+1p,q,s (a1) f (z)
Hµp,q,s (a1) f (z)

Hµp,q,s (a1) f (z)
zp
α
∈ Pk(ρ)
(k ≥ 2;α, γ , µ > 0; 0 ≤ ρ < 1; z ∈ U) .
Remarks. (i) For γ = 1, q = 2, s = 1, a1 = a, a2 = b, b1 = c

a, b, c ∈ C \ Z−0

and µ = λ + p (λ > −p), we have
B
n,λ+p,
k,2,1 (a; p, 0, α, ρ) = Bn,λ+pk (a, b; c; p, 0, α, ρ) = Bn,λk (a, b; c; p, α, ρ), where
Bn,λk (a, b; c; p, α, ρ) =

f ∈ A(p, n) :

Iλ+1p,n (a, b; c) f (z)
Iλp,n (a, b; c) f (z)

Iλp,n (a, b; c) f (z)
zp
α
∈ Pk (ρ)

was introduced by Noor and Muhammad [9] and Iλp,n (a, b; c) is a linear operator introduced by Fu and Liu [10];
(ii) For k = 2, q = 2, s = 1, a1 = b1, a2 = µ > 0, and ρ = 1−A1−B (−1 ≤ B < A ≤ 1), we have
B
n,µ
2

b1, µ; b1; γ , α, 1−A1−B
 = Bn (γ , α, p, A, B), where
Bn (γ , α, p, A, B) =

f ∈ A(p, n) : (1− γ )

f (z)
zp
α
+ γ zf
′
(z)
pf (z)

f (z)
zp
α
≺ 1+ Az
1+ Bz

is p-valent Bazilevic functions which introduced and studied by Liu [11].
Definition 2. A function f ∈ A(p, n) is said to be in the classN n,µk

a1, . . . , aq; b1, . . . , bs; γ , α, ρ
 = N n,µk,q,s (a1; p, γ , α, ρ)
if it satisfies the following condition:[
(1− γ )

Hµp,q,s (a1 + 1) f (z)
zp
α
+ γ

Hµp,q,s (a1) f (z)
Hµp,q,s (a1 + 1) f (z)

Hµp,q,s (a1 + 1) f (z)
zp
α]
∈ Pk(ρ)
(k ≥ 2;α, γ , µ > 0; 0 ≤ ρ < 1; z ∈ U) .
In this paper, we investigate several properties of the classes Bn,µk,q,s (a1; p, γ , α, ρ) and N n,µk,q,s (a1; p, γ , α, ρ) associated
with the operator Hµp,q,s (a1).
2. Main results
The following lemma will be required in our investigation.
Lemma 1 ([12]). Let u = u1 + iu2 and v = v1 + iv2 and Ψ (u, v) be a complex-valued function satisfying the conditions:
(i) Ψ (u, v) is continuous in a domain D ∈ C2.
(ii) (0, 1) ∈ D and Ψ (1, 0) > 0.
(iii) ℜ {Ψ (iu2, v1)} > 0 whenever (iu2, v1) ∈ D and v1 ≤ − n2

1+ u22

.
If h(z) = 1+ cnzn+ cn+1zn+1+ · · · is analytic in U such that

h(z), zh
′
(z)

∈ D andℜ

Ψ

h(z), zh
′
(z)

> 0 for z ∈ U,
thenℜ

Ψ

h(z), zh
′
(z)

> 0 in U.
Unless otherwise mentioned, we assume throughout this paper that k ≥ 2, α, γ , µ > 0, 0 ≤ ρ < 1 and all powers are
understood as principle values.
Theorem 1. If f ∈ Bn,µk,q,s (a1; p, γ , α, ρ), then f ∈ Bn,µk,q,s (a1; p, 0, α, ρ1) and
Hµp,q,s (a1) f (z)
zp
α
∈ Pk (ρ1) , (2.1)
where ρ1 is given by
ρ1 = 2αρµ+ nγ2αµ+ nγ . (2.2)
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Proof. We begin by setting
Hµp,q,s (a1) f (z)
zp
α
=

k
4
+ 1
2

{(1− ρ1) h1(z)+ ρ1} −

k
4
+ 1
2

{(1− ρ1) h2(z)+ ρ1} ,
= (1− ρ1) h(z)+ ρ1, (2.3)
where hi(z) is analytic in U with hi(0) = 1, i = 1, 2. Differentiating of (2.3) with respect to z, and using identity (1.14) in
the resulting equation, we obtain
(1− γ )

Hµp,q,s (a1) f (z)
zp
α
+ γ

Hµ+1p,q,s (a1) f (z)
Hµp,q,s (a1 + 1) f (z)

Hµp,q,s (a1) f (z)
zp
α
=

(1− ρ1) h(z)+ ρ1 + γ (1− ρ1) zh
′
(z)
αµ

∈ Pk(ρ) (z ∈ U) ,
this implies that
1
1− ρ

(1− ρ1) hi(z)+ ρ1 − ρ + γ (1− ρ1) zh
′
i(z)
αµ

∈ P (z ∈ U; i = 1, 2) .
We form the functional Ψ (u, v) by choosing u = hi(z), v = zh′i(z),
Ψ (u, v) = (1− ρ1) u+ ρ1 − ρ + γ (1− ρ1) v
αµ
.
Clearly, the first two conditions of Lemma 1 are satisfied. Now, we verify condition (iii) as follows:
ℜ {Ψ (iu2, v1)} = ρ1 − ρ +ℜ

γ (1− ρ1) v1
αµ

≤ ρ1 − ρ − nγ (1− ρ1)

1+ u22

2αµ
= A+ Bu
2
2
2C
,
where
A = 2αµ (ρ1 − ρ)− nγ (1− ρ1) , B = −nγ (1− ρ1) < 0, C = 2αµ > 0.
We note thatℜ {Ψ (iu2, v1)} < 0 if and only if A = 0, B < 0, C > 0 and this gives us ρ1 as given by (2.1) and B < 0 gives us
0 ≤ ρ1 < 1. Therefore, applying Lemma 1, hi(z) ∈ P (i = 1, 2) and consequently h(z) ∈ Pk (ρ1) for z ∈ U . This completes
the proof of Theorem 1. 
Taking γ = 0, q = 2, s = 1, a1 = a, a2 = b, b1 = c

a, b, c ∈ C \ Z−0

andµ = λ+ p (λ > −p) in Theorem 1, we obtain
the following result which improves the result of Noor and Muhammad [9, Theorem 2.2].
Corollary 1. If f ∈ Bn,λk (a, b; c; p, α, ρ), then
Iλp,n (a, b; c) f (z)
zp
α
∈ Pk (ρ2) , (2.4)
where ρ2 is given by
ρ2 = 2αρ (λ+ p)+ nγ2α (λ+ p)+ nγ . (2.5)
Similarly, we can prove the following theorem for the classN n,µk,q,s (a1; p, γ , α, ρ).
Theorem 2. If f ∈ N n,µk,q,s (a1; p, γ , α, ρ), then f ∈ N n,µk,q,s (a1; p, 0, α, ρ3) and
Hµp,q,s (a1 + 1) f (z)
zp
α
∈ Pk (ρ3) , (2.6)
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where ρ3 is given by
ρ3 = 2αρa1 + nγ2αa1 + nγ . (2.7)
Theorem 3. If f ∈ Bµk,p (a1; γ , α, ρ), then f ∈ Bµk,p (a1; 0, α, ρ4) and
Hµp,q,s (a1) f (z)
zp
 α
2
∈ Pk (ρ4) , (2.8)
where ρ4 is given by
ρ4 = nγ +

n2γ 2 + 4 (αµ+ nγ ) αµρ
2 (αµ+ nγ ) . (2.9)
Proof. Let f ∈ Bµk,p (a1; γ , α, ρ) and let
Hµp,q,s (a1) f (z)
zp
α
=

k
4
+ 1
2

[(1− ρ4) h1(z)+ ρ4]2 −

k
4
+ 1
2

[(1− ρ4) h2 (z)+ ρ4]2
= [(1− ρ4) h(z)+ ρ4]2 , (2.10)
where hi(z) is analytic in U with hi(0) = 1, i = 1, 2. Differentiating both sides (2.10) with respect to z, and using identity
(1.15) in the resulting equation, we obtain
(1− γ )

Hµp,q,s (a1) f (z)
zp
α
+ γ

Hµ+1p,q,s (a1) f (z)
Hµp,q,s (a1) f (z)

Hµp,q,s (a1) f (z)
zp
α
=

[(1− ρ4) h(z)+ ρ4]2 + [(1− ρ4) h(z)+ ρ4] 2γ (1− ρ4) zh
′
(z)
αµ

∈ Pk(ρ) (z ∈ U) ,
this implies that
1
1− ρ

[(1− ρ4) hi (z)+ ρ4]2 + [(1− ρ4) h(z)+ ρ4] 2γ (1− ρ3) zh
′
i(z)
αµ
− ρ

∈ P (z ∈ U; i = 1, 2) .
We form the functional Ψ (u, v) by choosing u = hi(z), v = zh′i(z),
Ψ (u, v) = [(1− ρ4) u+ ρ4]2 + [(1− ρ4) u+ ρ4] 2γ (1− ρ3) v
αµ
− ρ.
Clearly, conditions (i) and (ii) of Lemma 1 are satisfied. Now, we verify condition (iii) as follows:
ℜ {Ψ (iu2, v1)} = ρ24 − (1− ρ4)2 u22 +
2γ ρ4 (1− ρ4) v1
αµ
− ρ
≤ ρ24 − ρ − (1− ρ4)2 u22 −
nγ ρ4 (1− ρ4)

1+ u22

αµ
= A+ Bu
2
2
2C
,
where
A = αµ ρ24 − ρ− nγ ρ4 (1− ρ4) , B = − (1− ρ4)2 + nγ ρ4 (1− ρ4) < 0, C = αµ2 > 0.
We note thatℜ {Ψ (iu2, v1)} < 0 if and only if A = 0, B < 0, C > 0 and this gives us ρ4 as given by (2.9) and B < 0 gives us
0 ≤ ρ4 < 1. Therefore, applying Lemma 1, hi(z) ∈ P (i = 1, 2) and consequently h(z) ∈ Pk (ρ4) for z ∈ U . This completes
the proof of Theorem 4. 
Taking γ = 0, q = 2, s = 1, a1 = a, a2 = b, b1 = c

a, b, c ∈ C \ Z−0

andµ = λ+ p (λ > −p) in Theorem 3, we obtain
the following result which improves the result of Noor and Muhammad [9, Theorem 2.6].
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Corollary 2. If f ∈ Bn,λk (a, b; c; p, α, ρ), then
Iλp,n (a, b; c) f (z)
zp
 α
2
∈ Pk (ρ5) , (2.11)
where ρ5 is given by
ρ5 = nγ +

n2γ 2 + 4 [α (λ+ p)+ nγ ]α (λ+ p) ρ
2 [α (λ+ p)+ nγ ] . (2.12)
Similarly, we can prove the following theorem for the classN n,µk,q,s (a1; p, γ , α, ρ).
Theorem 4. If f ∈ N n,µk,q,s (a1; p, γ , α, ρ), then f ∈ N n,µk,q,s

a1; p, 0, α2 , ρ6

and
Hµp,q,s (a1 + 1) f (z)
zp
 α
2
∈ Pk (ρ6) , (2.13)
where ρ6 is given by
ρ6 = nγ +

n2γ 2 + 4 (αa1 + nγ ) αa1ρ
2 (αa1 + nγ ) . (2.14)
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